Introduction {#Sec1}
============

Guo initiated a new approach to random functional analysis \[[@CR1]--[@CR3]\], whose main idea is to develop random functional analysis as functional analysis based on random normed modules, random inner product modules and random locally convex modules. In particular, since the essential applications of random functional analysis to conditional risk measures, the idea has also attracted much attention in different aspects \[[@CR4]--[@CR13]\]. Motivated by these advances, the study of geometric theory of random normed modules has begun in the direction of geometry of classical Banach spaces \[[@CR14]\]. In \[[@CR15], [@CR16]\] random strict convexity and random uniform convexity are successfully introduced in random normed modules, which facilitates further study on geometrical properties of random normed modules \[[@CR17]\]. The geometric theory of random normed modules is closely related to the geometry of Banach spaces since a complete random normed module is a kind of random generalization of a Banach space, as demonstrated by \[[@CR17], [@CR18]\]. From the point of view of classical Banach space theory, it is a quite natural topic to give a reasonable definition of random smoothness in random normed modules. Based on the analysis of stratification structure on random normed modules, we first present the notion of random smoothness via that of support functionals for the random closed unit ball in a random normed module. Then, the relations of random smoothness to random strict convexity are established. Finally, a type of Gâteaux differentiability equivalent to that in \[[@CR19]\] is introduced for random norms, and its relation to random smoothness is given.

The remainder of this article is organized as follows. Section [2](#Sec2){ref-type="sec"} is devoted to some knowledge indispensable for next two sections. Section [3](#Sec3){ref-type="sec"} is focused on the definition and basic properties of random smoothness, where Proposition [3.4](#FPar12){ref-type="sec"} is of vital importance in this article. As a generalization of the corresponding classical case, Proposition [3.4](#FPar12){ref-type="sec"} is a nontrivial result which plays a key role in the proof of Proposition [3.6](#FPar15){ref-type="sec"}. Section [4](#Sec4){ref-type="sec"} is focused on the Gâteaux differentiability of random norm, where some inequality techniques are employed in combination with stratification analysis in random normed modules to derive the main result Theorem [4.6](#FPar32){ref-type="sec"}.

Throughout this paper, we adopt the following notations \[[@CR15]\]:
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Definitions [2.2](#FPar2){ref-type="sec"} and [2.3](#FPar3){ref-type="sec"} below are fundamental notations well known in random metric theory.
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Remark 2.4 {#FPar4}
----------
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Theorem [2.5](#FPar5){ref-type="sec"} below is the Hahn-Banach theorem for a.s. bounded random linear functionals.

Theorem 2.5 {#FPar5}
-----------

\[[@CR4], [@CR22]\]
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Notations in Definition [2.6](#FPar6){ref-type="sec"} below were heavily used in the study of random strict convexity and random uniform convexity \[[@CR15]\] in order to analyze the stratification structure of *E*.

Definition 2.6 {#FPar6}
--------------

\[[@CR15]\]

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x, y$\end{document}$ in an RN module $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(E, \Vert \cdot \Vert )$\end{document}$ over *K* with base $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\Omega,{\mathcal {F}},P)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[ \Vert x \Vert \neq0]$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{x}$\end{document}$, called *the support of* *x*, and we briefly write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{xy}=A_{x}\cap A_{y}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{xy}=A_{x}\cap A_{y}\cap A_{x-y}$\end{document}$. *The random unit sphere of* *E* is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S(E)=\{x\in E: \Vert x \Vert =\tilde{I}_{A}\text{ for some } A\in{\mathcal {F}} \text{ with } P(A)>0\}$\end{document}$. *The random closed unit ball of* *E* is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U(E)=\{x\in E: \Vert x \Vert \leq1\}$\end{document}$.

Random strict convexity is as follows.

Definition 2.7 {#FPar7}
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Random smoothness {#Sec3}
=================
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Proposition 3.1 {#FPar8}
---------------
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-----
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The notion of support functionals is a preparation for that of random smoothness.

Definition 3.2 {#FPar10}
--------------
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Remark 3.3 {#FPar11}
----------
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Proposition 3.4 {#FPar12}
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Proof {#FPar13}
-----
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Definition 3.5 {#FPar14}
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Proposition 3.6 {#FPar15}
---------------
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Proof {#FPar16}
-----
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Corollary 3.7 {#FPar17}
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The relations between random smoothness and random strict convexity are described by Theorems [3.8](#FPar18){ref-type="sec"} and [3.9](#FPar20){ref-type="sec"} below.

Theorem 3.8 {#FPar18}
-----------
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Proof {#FPar19}
-----

Suppose that *E* is not random smooth, by Corollary [3.7](#FPar17){ref-type="sec"}, there exist $\documentclass[12pt]{minimal}
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Theorem 3.9 {#FPar20}
-----------

*Suppose that* *E* *is an RN module*. *If* $\documentclass[12pt]{minimal}
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                \begin{document}$E^{\ast}$\end{document}$ *is random smooth*, *then* *E* *is random strictly convex*.

Proof {#FPar21}
-----

Assume by way of contradiction that *E* is not random strictly convex, then there exist $\documentclass[12pt]{minimal}
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Proposition 3.10 {#FPar22}
----------------
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Proof {#FPar23}
-----

Since the canonical embedding mapping *J* is random-norm preserving and linear, and $\documentclass[12pt]{minimal}
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Gâteaux differentiability of random norm {#Sec4}
========================================

In classical normed spaces the function $\documentclass[12pt]{minimal}
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Lemmas [4.1](#FPar24){ref-type="sec"}(1) and [4.2](#FPar26){ref-type="sec"} below are implied by \[[@CR19]\], Lemma 5.1, and \[[@CR19]\], Theorem 5.5(1), respectively. Here we present slightly different proofs to illustrate the typical stratification analysis on random normed modules and to keep self-contained.

Lemma 4.1 {#FPar24}
---------
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                \begin{document}$\wedge\{I_{D}f(\xi s,y):s\in R,s>0\}=I_{D}\cdot\wedge\{ f(s,y):s\in R,s>0\},\forall\xi\in L^{0}({\mathcal {F}},R),\xi>0$\end{document}$ *on* *D*;
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Proof {#FPar25}
-----
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The proofs of (2) and (3) are similar. □

Lemma 4.2 {#FPar26}
---------
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Proof {#FPar27}
-----

(1). For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi\in L^{0}_{+}$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=[\xi>0]$\end{document}$, then by Lemma [4.1](#FPar24){ref-type="sec"} $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} G_{+}(x_{0},\xi y)&= \wedge \bigl\{ f(t,\xi y):t\in R,t>0 \bigr\} \\ &=\wedge \biggl\{ \frac{ \Vert x_{0}+t\xi y \Vert - \Vert x_{0} \Vert }{t}:t\in R,t>0 \biggr\} \\ &=\wedge \biggl\{ \frac{I_{A} \Vert x_{0}+t\xi y \Vert -I_{A} \Vert x_{0} \Vert }{t}:t\in R,t>0 \biggr\} \\ &= I_{A}\xi\cdot\wedge \biggl\{ I_{A}\cdot \frac{ \Vert x_{0}+t\xi y \Vert - \Vert x_{0} \Vert }{t\xi}:t\in R,t>0 \biggr\} \\ &= I_{A}\xi\cdot\wedge \biggl\{ I_{A}\cdot \frac{ \Vert x_{0}+t y \Vert - \Vert x_{0} \Vert }{t}:t\in R,t>0 \biggr\} \\ &= I_{A}\xi G_{+}(x_{0},y) \\ &= \xi G_{+}(x_{0},y). \end{aligned}$$ \end{document}$$ The proof of the other equality is similar.
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                \begin{document} $$\begin{aligned} f(2t_{1},y_{1})+f(2t_{2},y_{2})& \geq \bigl[f(2t_{1},y_{1})+f(2t_{1},y_{2}) \bigr]\wedge \bigl[f(2t_{2},y_{1})+f(2t_{2},y_{2}) \bigr] \\ &\geq \wedge\bigl\{ f(2t,y_{1})+f(2t,y_{2}):t\in R,t>0\bigr\} . \end{aligned}$$ \end{document}$$ Consequently, the left-hand side of ([4](#Equ4){ref-type=""}) is not less than the right-hand side, so that ([4](#Equ4){ref-type=""}) can be easily verified. Then, by the following $$\documentclass[12pt]{minimal}
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                \begin{document}$$G_{+}(x_{0},y_{1}+y_{2})\leq G_{+}(x_{0},y_{1})+G_{+}(x_{0},y_{2}). $$\end{document}$$ □

The Gâteaux differentiability was defined for proper local functions from a random locally convex module to $\documentclass[12pt]{minimal}
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                \begin{document}${L}^{0}$\end{document}$-convex, it is easy to see that a random norm is also a proper local function. For random norms we present the following definition of Gâteaux differentiability, which is equivalent to that in \[[@CR19]\], Definition 5.2. Under Definition [4.3](#FPar28){ref-type="sec"} we can establish the relations among supporting functionals, points of random smoothness and Gâteaux differentiability of random norms.

Definition 4.3 {#FPar28}
--------------
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Proof {#FPar31}
-----
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Theorem 4.6 {#FPar32}
-----------
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Proof {#FPar33}
-----
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(2). It is clear by ([7](#Equ7){ref-type=""}). □

Remark 4.7 {#FPar34}
----------

It should be pointed out that further development of random smoothness under Definition [3.5](#FPar14){ref-type="sec"} confronted some obstacles, one of which is how to establish the connection between random smoothness of an RN module *E* and classical smoothness of the abstract $\documentclass[12pt]{minimal}
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